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European Central Bank Working Paper Series  60Abstract
In this paper we present a two-country dynamic general equilibrium model of ex
ante unequally developed countries. The model explains a key feature recently ob-
served in transition economies – the long-run trend real exchange rate appreciation
– through investments into quality. Our exchange-rate projections bear important
policy implications, which we illustrate on the collision between the price and nom-
inal exchange rate criterion for the European Monetary Union in a set of selected
transition economies in Central and Eastern Europe.
Key words: Two-country modeling, Convergence, Monetary Policy, Currency area
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March 2007The recently observed symptom of economic convergence of the European
transition economies – the real exchange rate appreciation – has triggered a
new stream of literature that concentrates on the role of quality and innova-
suggested that the quality improvements might be in majority responsible for
tries. This, however, contrasts with the predictions of standard macroeconomic
models of international trade, which would predict the opposite eﬀect due to
decreasing scarcity of products.
We devise a model that is an extension of the two-country models of the New
Open Economy Macroeconomics by introducing the investment into quality
explicitly and non-trivial cross-border assets ownership. On a sample calibra-
tion for ﬁve Central and Eastern European transition economies vis ` a vis the
Euro Area we demonstrate that the model with quality investment and prod-
uct variety can coherently explain both, the pace of real convergence as well
as the pace of real appreciation of local currency.
Conditionally on the parameterization of the model in the past, we present
the long-run convergence transition dynamics of the key endogenous variables,
i.e., the real exchange rate and output, in the future. In particular, our central
question is: what will be the pace of real appreciation in the future, if the
countries will continue in the type of convergence observed in the past.
This question is of particular interest from the point of view of the timing of
monetary union integration of the transition economies. Namely, conditionally
on our model, we evaluate the probabilities of jointly fulﬁlling the exchange
rate and inﬂation stability criteria for the countries in our sample. We con-
clude that countries with intensive growth (quality improvements) will likely
encounter a policy challenge if applying for monetary union prematurely. On
the contrary, countries that exhibit extensive growth would have little policy
challenges to accept single currency and sustain price stability under a single
currency area.
Non-technical summary
tions in the convergence process. Namely, many empirical studies have recently
the rapid and continuing real exchange rate appreciation of transition coun-
5
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The purpose of this paper is to analyze the potential of two-country dynamic
general equilibrium modeling initiated by the so-called New International
Macroeconomic (henceforth NIM) literature for understanding the conver-
gence processes of emerging market economies. The paper oﬀers a promising
extension to the canonical NIM framework, which can be useful for the as-
sessment of convergence of emerging market economies. The structural story,
behind the presented extension, is shown to have important policy implica-
tions.
The NIM models have become increasingly popular in recent past. The reason
is that they are able to provide a rigorous microfoundation for a bulk of
observations, which are puzzling from the perspective of the standard DSGE
models (such as persistent deviations from the PPP or low volatility in the
relative price of nontraded goods). Thus, this type of models may be a suitable
tool not only for academic curiosity to explaining certain puzzling phenomena,
but also for policy purposes. Typical features of the NIM framework include
monopolistic competition, heterogeneity of production entities and tradeness
self-selectivness, as in Melitz (2003). The framework is used, for example, by
Ghironi and Melitz (2005) to explain international business-cycle dynamics,
by Naknoi (2006) to decompose real exchange rate movements, by Bergin
and Glick (2005) to study the behavior of price dispersion during episodes of
international economic integration, or by Bergin and Glick (2006) to explain
low degree of volatility in the relative price of nontraded goods. Since the
NIM framework seems to be better microfounded than standard open-economy
dynamic general equilibrium models, it seems to be more promising as a tool
for welfare evaluation of policy regimes. Naknoi et al. (2005) use the NIM
framework to compare beneﬁts and costs of ﬁxed versus ﬂexible exchange rate
regimes and Baldwin and Okubo (2005) integrate the NIM approach to a New
Economic Geography model and derive a set of useful normative assessments
and positive political-economy predictions of economic integration.
Recently, Bayoumi et al. (2004) construct a DSGE model with the NIM fea-
tures and calibrate it for a transition economy (the Czech Republic). This is an
important step, since macroeconomic dynamics of transition economies is even
more puzzling from the perspectives of standard DSGE models than in the
case of advanced economies. Unfortunately, the model of Bayoumi et al. (2004)
does not address any speciﬁc transition feature and thus its applicability for
convergence projections or policy prescriptions may be limited 1 . Nevertheless,
1 Thus, it is not surprising that the model is not able to replicate the signiﬁcant ob-
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transition countries if the framework is married with structural issues relevant
for transition economies. Structural stories are better suited for understand-
ing important phenomena of external position of emerging market economies
and can provide a more solid bases for understanding and explaining the real
exchange rate development.
Explaining (and forecasting) the observed trend equilibrium development in
real exchange rate in many transition economies is of crucial relevance for
conduct of monetary policy. The monetary policy conditions in a small open
economy are composed from exchange rate and interest rate conditions. Thus,
the equilibrium exchange rate development is a crucial input into the policy
debate. Similarly, having joined the EU, a transition economy should at some
point in time pursue membership in the monetary union. However, a signiﬁcant
trend real appreciation of the local currency will be likely incompatible with
joint fulﬁlment of the nominal exchange rate stability and inﬂation criterion,
especially for those countries who will implement a peg regime in the ERM II
(mandatory Exchange Rate Mechanism prior the Euro adoption).
Recently, many authors suggest that quality improvements might play a role
among determinants of real exchange rate appreciation of transition economies
and the symptoms of quality investments in transition economy are found in
empirical studies. Studies appealing to quality driven real exchange rate for
tradables, such as Broeck and Slok (2006) or ´ Egert and Lommatzsch (2004),
ﬁnd that quality improvements of tradable goods in catching-up economies is
a source of the real exchange rate appreciation. Also, on the example of the
Czech Republic, Podpiera (2005) shows that the large gains in physical quan-
tities exported were concurrently observed with an improving terms of trade,
which mirrors the quality improvements. At the same time, quality improve-
ments are not accounted for by the statistical oﬃces in transition economies,
such as the Czech Republic, Hungary, Poland, Slovakia, or Slovenia, see Ah-
nert and Kenny (2004) for a comprehensive survey. In addition, according to
the assessment of the quality bias of consumer price index in the Czech Re-
public, see for instance Hanousek and Filer (2004), the inﬂation overstatement
could have been as high as 5 percentage points a year in the ﬁrst decade of
economic transformation. Therefore, quality-unadjusted price indexes might
be well responsible for a substantial part of the pace of the real exchange rate
development in a transition economy.
In order to capture the key features of emerging market economy and simulate
the transition dynamics in the key macroeconomic variables in the consistent
framework of general equilibrium we use a deterministic model in aggregate
variables. We build our model on postulates developed by Ghironi and Melitz
(2005) and extend the framework. Canonical NIM models, such as by Ghi-
roni and Melitz (2005), can give only a limited insight to the understanding
7
ECB 
Working Paper Series No 740
March 2007of external position of emerging market economies. The reason is that the
production side operates with one production factor (labor) only. This fea-
ture does not address additionally important factors of production capacities.
Mainly, in this paper we argue that for successful replication of the pace of rel-
ative prices of goods produced in the emerging, converging, economy, in terms
of goods prices of the advanced economy, it is necessary to enrich the pro-
duction structure by an additional factor, which we interpret as investments
to quality. In addition, the model allows for non trivial cross-border assets
ownership, i.e., modeling foreign direct and portfolio investment. Our model
is solved for the transition dynamics of a transition country, which converges
to its more advanced counterpart. Thus, it contrasts with the standard DSGE
models, which aim at explaining deviations from exogenously given long-run
trends.
We present a calibration of the model to a set of selected transition economies
of the Central and Eastern European Transition (henceforth CEET) Coun-
tries, comprising the fully homogenous group of Visegrad-4 countries, i.e.,
the Czech Republic, Hungary, Poland, and Slovakia. In addition, in order
to demonstrate the diﬀerences in extensive (quantity) vs. intensive (quality)
growth and convergence for the development in real exchange rate, we also cal-
ibrate the model for Slovenia, which diﬀered from the Visegrad-4 mainly by
less signiﬁcant inward direct investment and real exchange rate development.
We calibrate the model on a decade 1995-2005 and simulate the projections of
economic convergence until 2030. We start with the period after 1995, since
by that time all considered countries had completed the initial phase of tran-
sition, i.e., full liberalization. Besides in the periods prior 1995, data quality
was often questioned, see Bayoumi et al. (2004).
Based on the projections, we evaluate the probability of joint fulﬁllment of the
inﬂation criterion under the stability of the nominal exchange rate. We ﬁnd
that countries converging through intensive margin (quality improvements),
such as the group of Visegrad-4 countries are likely to encounter diﬃculty in
joint fulﬁlment of the two criteria by 2020. Nevertheless, if a country will pur-
sue single currency earlier, a nominal exchange rate appreciation throughout
the period of ERM II evaluation would be necessary in order to alleviate the
diﬃculty to fulﬁl the inﬂation criterion. After the single currency adoption,
however, such a country is likely to experience a positive inﬂation diﬀerential
within the Euro Area countries. On the contrary, a country that converges
through extensive economic growth, such as Slovenia, has proved to have no
signiﬁcant collision in stability criteria even after adoption of Euro in 2007,
i.e., no signiﬁcant inﬂation diﬀerential is predicted.
The rest of the paper is organized as follows: Section 2 describes some relevant
stylized facts and Section 3 presents the two-country model. Section 4 contains
calibration and explains dynamics of some of the endogenous variables. Sec-
8
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contains a detailed derivation of the model, its reformulation using a recursive
form and discusses numerical techniques used to solve the model.
2 Some stylized facts
The crucial prerequisite for a successful economic convergence of a transition
country is the implementation of reforms in political, legal, and institutional
infrastructure. Among the most prominent reforms that facilitate the speed-up
of economic convergence is the full liberalization, i.e., price, current account,
and ﬁnancial account liberalization.
The external liberalization permits for trade and ﬁnancial integration of the
emerging economy and thus aﬀects selectivity to trade of goods, and creates,
in some circumstances, pressures on real exchange rate appreciation.
The evidence on the positive eﬀects of current account liberalization for eco-
nomic convergence is largely documented in the literature. Fischer et al. (1996),
who used De Melo et al. (1996) liberalization index, which comprises degree
of liberalization of internal markets, of external markets, and of private sector
entry, established a positive link between the cumulative liberalization and the
output dynamics in a panel of twenty transition economies. Similarly, Sachs
(1996) conﬁrms the aforementioned relation by employing index of reform
constructed by the EBRD. Kaminski et al. (1996) also report that among
other factors, liberalization and openness to international trade were the key
factors underpinning the export performance in a large sample of transition
economies.
In relation to income diﬀerentials elimination among less and more developed
countries, liberalization is often cited as a prominent factor. For instance, Ben-
David (1993) studied the income diﬀerentials within the European Economic
Community and concluded that the income disparities started to diminish
only after removal of the trade barriers among member countries. Similar
empirical support can be found in the literature in the case of the ﬁnancial ac-
count. Henry (2003) provides a sample evidence on eighteen emerging markets
and shows that following ﬁnancial account liberalization, the cost of capital
declines and both the capital stock growth as well as output growth per worker
accelerate.
The economic transformation of the countries in Central and Eastern Europe
started in early 1990. The economic but mainly institutional transformation
took place in the initial phase. This phase was characterized by price liberaliza-
tion, liberalization of trade and foreign exchange, and privatization. The key
9
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elements of the economic transition have been completed relatively quickly.Taking the example of the Slovenia and Visegrad-4 countries, i.e., the Czech
Republic, Hungary, Poland, and Slovakia, the EBRD index of price liberaliza-
tion shows that all these countries have liberalized prices to the level 3 that is
comparable to advanced industrialized countries by 1993. Similarly, all these
countries liberalized trade and foreign exchange until 1995 to the extent (level
4, EBRD index) considered as standard for advanced industrialized countries.
And ﬁnally, the small as well as large scale privatization has been completed
(level 4, EBRD index) by 1995 and 1997, respectively. For more discussion on
reforms implementation, see Roland (2004).
While the prerequisites for economic convergence have been implemented rel-
atively quickly, the actual economic convergence has been relatively slow in
the initial period. Nevertheless, starting 1995, i.e., after the initial period of
institutional transformation, the economic convergence speeded up. As we can
see from the plots in Figure 1, since 1995 the average output per capita in PPP
comparatively to the EU15 average have been uniformly steadily increasing
in all countries in our sample, which is in congruence with the observation of
signiﬁcant growth in the GDP per employee (a proxy for labor productivity),
since following 1996 the productivity started to rise quite rapidly in all ﬁve
countries. 2
The trend real exchange rate appreciation (also in tradables) observed in the
majority of CEET economies, see Cincibuch and Podpiera (2006) for recent
empirical evidence, constitutes a puzzle and renders the standard models in-
complete for explanation of the transition economy dynamics. Indeed, the
observed inconstancy of the real exchange rate for tradables seems to be in
contradiction with the view of the traditional models of Open Economy Macro-
economics, where the purchasing power parity condition in tradable goods is
a standard assumption, see for instance Edison and Pauls (1993) or Obstfeld
and Rogoﬀ (1995).
The New Open Economy Macroeconomics of two-country models, such as by
Ghironi and Melitz (2005), provides a solid base for tackling some of the issues,
for instance that of inconstancy of the real exchange rate for tradables and
endogenously determined foreign trade. It basically allows for an endogenous
short-run, and possibly persistent, deviation from purchasing power parity,
i.e., for an endogenously generated Harrod-Balassa-Samuelson (HBS) eﬀect.
However, the permanent, equilibrium, trend in real exchange rate remains
unaddressed. Besides the empirical evidence of small HBS type of convergence
in CEETC dominates the recent literature, see for instance Mihaljek and Klau
(2006) or Flek et al. (2003). As already noted, the trend equilibrium in the
2 Note on data: All data have been taken from the IMF ﬁnancial statistics and
AMECO, European Commission, Eurostat database.
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modeling in recent literature. Even a model applied to CEETC with various
real and nominal rigidities, see Bayoumi et al. (2004), does not predict a long-
run appreciation of the real exchange rate, despite its relatively rich structure.
There are also other typical macroeconomic patterns of the investigated coun-
tries other than the real exchange rate development. As we can further see
from the plots, all countries exhibited relatively constant consumption to ab-
sorption ratio (around 75 per cent) and negative trade balance to output ratio
(about 5 per cent on average), with a tendency to diminish towards the end of
our sample period. This observation speaks for consumption smoothing, when
initial borrowing took place to ﬁnance consumption. This also suggests that
the supply side of the economy was insuﬃcient at the beginning of transi-
tion, however it slowly started to improve. This could be seen from the export
to output ratio. All ﬁve economies experienced an increasing economic inte-
gration and openness of their economies in terms of foreign trade. Export to
GDP ratio increased by 10-20 percent over the sample period in all considered
countries.
At the same time, ﬁnancial integration started to deepen and all Visegrad-4
countries experienced substantial net inﬂow of the foreign direct investment
after 1995. An exception in timing was Hungary, where the inﬂow started few
years earlier. The direct investment was to large extend directed to export
oriented industries, which had an eﬀect on improvements in quality of products
(due to competition pressures in tradable goods markets worldwide) and at
the same time on improvements in trade balance of the investment receiver
countries. Consequently, we document a high correlation of the size of the
direct investment inﬂow with the size of the real appreciation of the local
currency, which can be seen from the plots in Figure 1.
Thus, the Visegrad-4 countries appears as a homogenous group of transition
countries that converge to the EU15 in terms of GDP per capita in PPP,
real exchange rate and its ﬁnancial and foreign trade integration is deepening.
Slovenia also exhibits similar pattern in majority of characteristics, however is
distinct in two of them, the foreign direct investment inﬂow and real exchange
rate development. Therefore, we design a model of a transition economy that
would explain the paths of convergence in major variables and address the
diﬀering observed development in real exchange rate and ﬁnancial ﬂows, which
proves to be of high policy relevance.
11
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This section presents the core of the two-country model. A more detailed
discission is provided by Br˚ uha and Podpiera (2007).
The two countries are modeled in a discrete time that runs from zero to inﬁnity.
The home country is populated by a representative competitive household
who has recursive preferences over discounted streams of period utilities. The
period utility is derived from consumption. A similar household inhabits the
foreign country. Production takes place in heterogenous production entities
called ﬁrms. 3
3.1 Firms
There is a continuum of ﬁrms in the domestic country. In each period there is
an unbounded mass of new, ex-ante identical, entrants. Firms ex-post diﬀer by
the total factor productivity: upon entry, it draws a shock z from a distribution
G(z), which has the support on [zL,zU) with 0 ≤ zL < zU < ∞. This shock
determines the idiosyncratic part of the ﬁrm productivity. At the end of each
period, there is an exogenous probability that a ﬁrm is hit by an exit shock δ,
which is assumed to be independent on aggregate as well as individual states.
Hit ﬁrms shut down.
The production function maps two inputs into two outputs. The one of the
input is ﬁxed and we label it as ‘capital’, the second of the input is variable
and is labeled as ‘labor’. The variable input – labor – is available in inelastic
supply in each country and is immobile between countries.
One of the output is quality h and if the ﬁrm j uses kj units of capital, then
the quality of its product is given simply as hj = kj. Capital investment can be
thus considered as an improvements in quality. The second output is the phys-
ical quantity of produced goods x. The production function is given as follows:
xjt = zjAt`(ljt,kj). The production function ` is strictly increasing in the ﬁrst
argument (labor), but strictly decreasing in the second argument (capital) 4 .
This implies that investments into quality increase the needed labor inputs to
3 The production entities are called ﬁrms, however, since we aim at understanding
equilibrium convergence of a transition economy, which is likely to experience a
signiﬁcant change in production structure, it would be appropriate to associate
production entities with production projects.
4 We require that the function ` is strictly decreasing in the capital. If the function
` were not decreasing in capital, the linearity of hj in kj would imply endogenous
growth, as in Young (1998) or Baldwin, Forslid (2000).
12
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good requires more labor or more skilled labor. Thus, quality investment is
costly for two reasons: ﬁrst, it requires ﬁxed input kj, second more labor is
required to produce better goods.
The production of the physical quantities is increasing in the level of ﬁrm
total factor productivity Atzj, which has two components: (a) idiosyncratic
component zj, which is i.i.d. across ﬁrms and which follows distribution G(z)
introduced above, and (b) the common component At. The total factor produc-
tivity At pertains to the ownerships: ﬁrms owned by the domestic household
enjoy at time t the productivity AH
t , while ﬁrms owned by the foreign house-
hold enjoy the productivity AF
t . The productivity does not depend on the
location of production or on the time of entry (the time of entry is henceforth
called vintage) of ﬁrms.
We assume that the ﬁnal output of the ﬁrm is given by the product of quality
and quantity: qjt = hjxjt and that this ﬁnal quality-quantity bundle is what is
sold at the market. This assumption reﬂects the nowadays standard approach
of growth theoreticians, for example Young (1998). Thus, the production of
the ﬁnal bundle can be described as qjt = zjAtf(kj,ljt), where f is given as
f(kj,ljt) ≡ kj`(ljt,kj). We assume that the ﬁnal bundle production function
is increasing in both arguments and is homogenous of degree one. This places
some restrictions on the quantity production function `; the most important
restriction is that ` should be homogenous of degree zero.
The quality investment is a ﬁxed factor, set at the time of entry, while labor
can be freely adjusted. Given a realization of the productivity shock zj, the
probability of the exit shock δ, and a chosen production plan, the value of a
ﬁrm is determined by the stream of discounted proﬁts.
Since the presented model involves several kinds of goods and ﬁrms, we will use
indexes to distinguish among them. To make reading of the paper easier, we
introduce the following convention. Firms diﬀer by location, ownerships, and
vintage. Location of ﬁrms is distinguished by superscripts d and f, where the
former stands for the domestic and the latter for the foreign country. Firms
owned by household from the foreign country are denoted by the superscript
*, while the ownership of domestic household is given no special superscript.
The vintage is denoted by Greek letters τ, σ, while the real time is denoted
by the Latin character t, υ.
Firms produce diﬀerentiated goods, which are labeled as follows: the good
produced by the ﬁrm located in the country in which the good is also sold
is denoted by the superscript d, while goods imported (produced in the non-
resident country) are denoted by the superscript m. The sale market is denoted
by the superscript *. Namely, goods consumed by the domestic household are
13
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it.
Similarly, pd
jt will denote the price of a good produced by a ﬁrm j located in
the domestic country at time t sold to the domestic market, pm
jt is the price
of a good j imported to the domestic market from the foreign country, while
pm∗
jt would be the price of a good from the domestic country to the foreign
household. We further assume that prices are denominated in the currency of
the market of sale.
According to the introduced convention, Πd
jτt denotes a t-period proﬁt of the
ﬁrm located in the domestic country of vintage τ and owned by the domestic
household. The nominal proﬁt Πd
















t zjf(kj,ljt) − wtljt,
where 0 ≤ κjt ≤ 1 is a share of product qjt sold in the domestic market, st being
a nominal foreign exchange rate, and t ≥ 0 represents unit iceberg exporting
costs. Firms of diﬀerent vintages and diﬀerent ownership have diﬀerent levels
of investment into quality, that is why Πd
jτt will be naturally diﬀerent along
these dimensions. Similar deﬁnitions apply to the remaining types of ﬁrms as
well.
Firms may export only if special ﬁxed costs are sunk. If a ﬁrm at the time of
entry decides to sunk the ﬁxed export costs, then it becomes eligible to export
in all subsequent periods, otherwise it is for all periods not eligible to export.
The export decisions of the eligible ﬁrms are taken on a period-by-period basis.
Thus an eligible ﬁrm may decide not to export in a given period.
Unit iceberg exporting costs t represents transportation costs and policy barri-
ers such as tariﬀs, while the ﬁxed export eligibility costs may represent expen-
ditures associated with acquiring necessary expertise such as legal, business,
or accounting standards of the foreign market. It is worth to note that the
unit iceberg costs t is related to the degree of trade frictions, while the ratio
ce/cn speaks for the trade openness. Obviously, non-eligible ﬁrms have κjt ≡ 1
regardless of the state of the world.
We assume that nominal investment costs take the following form: Pt(k +cξ),
ξ ∈ {e,n}, where Pt represents the ‘ideal’ price index, which is the price of




where the superscript refers to eligibility, i.e. e − eligible or n − noneligible:
eligible ﬁrms pay larger ﬁxed costs. This implies – as in Melitz (2003) – that
in equilibrium there is an endogenous cut-oﬀ productivity value z, such that
14
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eligible, while ﬁrms with a suﬃciently high productivity level zj ≥ z will do.
In the calibration exercise, we assume that eligibility costs diﬀer by location
and ownerships. Thus, when necessary we will distinguish eligibility costs by
ownerships and location indexes.
We assume that ﬁrm’s manager maximizes the expected stream of discounted
proﬁts. The discounting respects the ownerships. Thus the value of the proﬁt
stream of the ﬁrm of vintage τ, enjoying the idiosyncratic productivity level
zj and owned by the domestic household in real terms is:
V
d
















Pt is the t-time real proﬁt of a ﬁrm of vintage τ, enjoying the produc-
tivity level j under the optimal production plan (derived later in Subsubsection




the marginal rate of intertemporal substitution between dates τ and t. The
rate of the intertemporal substitution is deﬁned in Subsection 3.2.
The value of the ﬁrm owned by the foreign household is deﬁned analogously
with the exception that the marginal rate of the intertemporal substitution is
taken from the perspective of the foreign household.
To summarize the sequencing, the timing proceeds ﬁrst with the domestic and
foreign households’ decision about a number of new entrants in both countries.
Then, each new entrant draws a productivity level from the distribution G and
the owner decides the amount of investment into quality and whether to invest
for export eligibility. Then labor demand and production (of both entrants and
incumbents) take place 5 . At the end of the period, some ﬁrms experience the
exit shock and shut down.
Even ﬁrms located in the same country and owned by the same household dif-
fer along two dimensions: idiosyncratic productivity variance zj and vintage τ.
The ownership within each country aﬀects the amount of investment into qual-
ity, since both households have diﬀerent rates of the intertemporal substitu-
tion along the transition path. Likewise the vintage aﬀects incentives to invest.
This implies that ﬁrms of diﬀerent vintages and ownership will invest diﬀerent
amounts into quality, even if they experience the same idiosyncratic produc-
tivity level. Therefore we shall deﬁne the time-varying distribution measure
over ﬁrms: Γd
t(j,τ) for the ﬁrms in the home country owned by the domestic
household and the star version Γd∗
t (j,τ) will denote the analogous measure for
5 The capital is ﬁrm speciﬁc and the model lacks the usual one-lag time-to-build
assumption. The time-to-build is not needed in our model since we aim at long-run
dynamics, not at short-run ﬂuctuations.
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t (j,τ). The superscript
convention applied to the distributions follows the one applied to ﬁrms.
3.1.1 Market structure
The ﬁnal good Q in home country 6 is composed of a continuum of interme-
diate goods, some of them are produced in the home country and some are
imported. There is an imperfect substitution among these goods. The parame-
ter θ > 1 measures substitution among goods. The limit case θ → ∞ implies
perfect substitution and hence perfect competition. The aggregate good in the




































where, qj is the output of the ﬁrm j, Ωd denotes the set of products of ﬁrms
located in the domestic country and owned by the domestic household and
Ωd∗ denotes the set of products of ﬁrms located in the domestic country and
owned by the foreign household. Analogously, for sets of ﬁrms located in the
foreign country we have: Ωf, Ωf∗. If a set is labeled by the subscript e, it reads
as a subset of eligible ﬁrms: thus Ωf∗
e ⊂ Ωf∗ is the subset of goods produced by
eligible ﬁrms owned by the foreign household located in the foreign country. 7
The ﬁnal good in the foreign country is deﬁned similarly. The market structure



































where pjt is the price of products of ﬁrm j at time t.
The CES market structure implies that the demand for individual producer’s



















6 The ﬁnal good is consumption as well as investment good, so that Q can be
interpreted as domestic absorption.
7 It holds that qd
j ∈ Ωd or pd




e , but qm∗
j / ∈ Ωd \ Ωd
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nor qm∗
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ket as well.
3.1.2 Optimal plans
The optimal production and investment plans are derived using backward
induction. We present the derivation for a ﬁrm located in the domestic country
and owned by the domestic household. The reader can then similarly derive
optimal plans for other types of ﬁrms.
Thus, let us assume the problem of maximizing the value of a ﬁrm, under given
location, ownership, and sunk investments. Since there are no labor adjust-
ment costs, labor decisions are made on a period-by-period basis. Standard
results of monopolistically competitive pricing under the CES market struc-
ture suggest that prices are set as a mark-up over marginal costs. Nevertheless,
an important issue here is that the standard assumption of symmetric equilib-
rium is given up: ﬁrms enjoying identical productivity levels zj and identical
capital levels kj are supposed to price identically, but ﬁrms with diﬀerent char-






, and obviously produce diﬀerent
output qjt.
Simultaneously with prices, ﬁrms also decide κj. Br˚ uha and Podpiera (2007)
show that – for a general neoclassical production function f – eligible ﬁrms
would produce goods for both markets, i.e., 0   κjt   1 for an eligible ﬁrm.
This part of the paper derives the optimal production plan for such a general
production function. See Appendix A.1 for the derivation of the model for the
speciﬁc parametrization used in calibration and policy scenario. We denote
real quantities by the blackboard scripts: Pd
jτt ≡ Πd
jτt/Pt is the real proﬁt of a
domestic ﬁrm and Wt ≡ wt/Pt is the real domestic wage.
Now, let us take the perspective of a non-eligible ﬁrm of vintage τ and pro-
ductivity level AH
t . Its real proﬁt Pdn
jτt in a period t is given – conditional on
non-eligibility status, aggregate productivity, idiosyncratic productivity zj, –


























The second row of Expression in (3) and in the subsequent expression follows
from the CES market structure. Similarly, the real proﬁt of an eligible ﬁrm
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where ξ ∈ {n,e}. The expected present values depend on idiosyncratic pro-
ductivity zj, invested capital kj, and the future path of productivities, real
wages, and demands.
The optimal investment decision of an eligible ﬁrm located in the domestic
country and owned by the domestic household, which enjoys a productivity
level zj, maximizes the value of the ﬁrm, which is given as
V
de















e + kj) (5)
and similarly for a non-eligible ﬁrm:
V
dn













n + kj). (6)
Maximization of Vde
τ (kj|zj) (resp. Vdn
τ (kj|zj)) yields the optimal demand for
quality investment (capital) for eligible (resp. non-eligible) ﬁrms, and the value
of a ﬁrm is:
V
dξ





where ξ ∈ {e,n}. The value functions V dn
τ (zj), V de
τ (zj) implicitly deﬁne the
cut-oﬀ value z, which is the least idiosyncratic shock, which makes the export-







τ (zj) ≥ V
dn
τ (zj)).
8 It is worth to mention that the cut-oﬀ value diﬀers across locations and vin-
tages (since ﬁrms located in diﬀerent location or ﬁrms appeared in diﬀerent times
face diﬀerent relative prices) and across ownership (because the marginal rate of
substitution is – in general – diﬀerent).
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V
d









τ (zj) if zj ≥ zd
τ
V dn
τ (zj) if zj < zd
τ
,
and the expected value of a new entrant, owned by the domestic household,










This completes the backward induction.
The, just derived, optimal production plan naturally induces a measure over
ﬁrms. We denote e Pd
τ,t as the t-time expected proﬁt of a domestically-owned
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The ﬁrst two terms correspond to the expected ﬁxed costs, while the last two
terms correspond to the expected costs of capital investment. The expected
investment costs diﬀer across locations, vintages and ownerships and this is
because (i) the cut-oﬀ values diﬀer across these dimensions too (as was al-





j . When calibrating the model, we allow that
ce to be diﬀerent for domestic and foreign ﬁrms. It is intuitive to expect that
it may be comparatively less costly to sunk export costs for foreignly-owned
ﬁrms operating in the domestic markets than for domestically-owned ﬁrms.
This adds an additional reason, why the expected investment costs diﬀer across
locations and ownerships.
Therefore – in accordance to the convention introduced above – we will denote
expected investment costs in the domestic country from the perspective of the
domestic household e cd
t and from the perspective of the foreign household e cd∗
t .
The counterpart of these costs in the foreign country will be denoted as e c
f
t
(from the perspective of the domestic household) and as e c
f∗
t (when foreign
household’s perspective is taken).
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The home country is populated by a representative competitive household
who has recursive preferences over discounted streams of period utilities. The
period utilities are derived from consumption of the aggregate good. Leisure
does not enter the utility and so labor is supplied inelastically. The aggregate
labor supply in the domestic country is L, while L∗ is the aggregate labor
supply in the foreign country. Households can trade bonds denominated in
the foreign currency.






























































where Bt is the real bond holding of the domestic household. Bonds are de-
nominated in the foreign currency by our convention, however, since the model
is deterministic, this assumption is completely innocent. Ct denotes consump-
tion and r∗
t−1 is the real interest rate of the internationally traded bond. ΨB
represents adjustment portfolio costs as in Schmitt-Grohe and Uribe (2003) to
stabilize the model 9 and Tt is the rebate of these costs in a lump-sum fashion
to the household.
The momentary utility function u(C) is assumed to take the conventional
constant-relative-risk-aversion form: u(C) = C1−ε
1−ε , with the parameter of in-
tertemporal substitution ε. As usually, the case of ε = 1 is interpreted as
log(C).
The number of new domestically located entrants owned by the domestic
household in time t is nd
t, while e χ(nd
t) presents the investment cost associated
9 In a strict sense, the model is stable even without portfolio adjustment costs (i.e.
under under ΨB = 0). The model is deterministic and therefore it would not exhibit
the unit-root behavior even under ΨB = 0. On the other hand, if ΨB = 0, then
the model would exhibit the steady state dependence on the initial asset holding.
Therefore we use the nontrivial adjustment costs ΨB > 0 to give up the dependence
of the steady state on the initial asset holding.
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t entrants. These costs are given as follows:
e χ(n
d













The ﬁrst term gives the expected 10 investment cost (where the expectation is
taken with respect to the measure induced by the optimal production plan).
The second term may be interpreted as adjustment costs (e.g. due to limited
supply of skills needed to run ﬁrms, such as legal experts), and its purpose is
to mitigate knife-edge conditions on household investments. These adjustment
costs are assumed to be rebated by the lump-sum fashion to households (e.g.
they are included in Tt).
Similarly, n
f
t denotes number of new entrants in the foreign country owned by
the domestic household. The associated costs are given as
b χ(n
f













The two functions e χ, b χ diﬀer by the terms Ψd and Ψf only. The parameter Ψd
is the adjustment cost of investing in the resident country (i.e., in the domestic
country for the domestic household and in the foreign country for the foreign
household), while the parameter Ψf is the adjustment cost of investing in the
non-resident country. While the parameter t and the ratio ce/cn (conditionally
on the values of the remaining parameters) model trade friction and the degree
of trade openness, respectively, the ratio Ψf/Ψd and the parameter ΨB are
used to model the degree of ﬁnancial openness.
The ﬁrst order conditions for the domestic household are as follows:
u









































In a strict sense, the equation (10) should read as lim
t→∞Btu0(Ct)βt = 0, as a
combination of the transversality condition and the non-Ponzi game condi-
tions. However, because of nontrivial bond adjustment costs ΨB > 0, such a
10 Because of the law of large numbers and of perfect foresight, the ex-ante expected
values of the key variables for household decisions (such as investment costs or proﬁt
ﬂows) coincide with ex-post realizations.
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Although there is an idiosyncratic variance at the ﬁrm level, the model is deter-
ministic at the aggregate level, thus the dynasty problem is deterministic too.
Therefore the marginal rate of substitution does not involve the expectation
operator.
The part of the model related to the foreign household is deﬁned analogously
and details of the derivations are given in Br˚ uha and Podpiera (2007).
3.3 General equilibrium
The general equilibrium is deﬁned as a time proﬁle of prices and quantities
such that all households optimize and all markets clear. Since there are no price
stickiness, nominal prices are indeterminate. Therefore, only the relative prices
matter. The general equilibrium requires that the market-clearing conditions
hold.































t (j,k) = L, (15)
where L is the aggregate, inelastic, domestic labor supply.
Analogous market clearing conditions hold in the foreign country. The inter-
national bond market equilibrium requires that
Bt + B
∗
t = 0. (16)
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requires that:
Bt+1 = (1 + r
∗
t)Bt + Xt +
















where Xt is the value of net real exports of the domestic country expressed in



























The deﬁnition of the general equilibrium is standard. A more complicated task
is to simulate the dynamic path, because the model is eﬀectively a vintage
type model. However, the model can be rewritten in the recursive (ﬁrst-order)
form, and the recursive form makes it convenient for application of a variety of
eﬃcient numerical methods. It turns out that the notorious domain-truncation
approach seems to be the most eﬃcient approach. The full set of equations
of the model in the recursive form and a detailed discussion on methods are
available in Appendix A.
All formulas derived and summarized in the appendix apply to a dynamic
economy. The dynamic model is used to simulate an impact of an exogenous
change in parameters. Thus, one can investigate e.g. consequences of a conver-
gence of the domestic total factor productivity to the foreign level: AH
t → AF
in the consistent framework of the general equilibrium. After the TFP conver-
gence is done AH
t = AF, both economies converge to the steady state.
The steady state is the long-run equilibrium, which is unique in the proposed
model, which is obtained when exogenous parameters are constant for a suﬃ-
ciently long period of time. The steady state is characterized by a number of
features. The most important (and intuitive) ones include:
• Zero bond holding Bss = 0, which is due to adjustment costs ψB.
• Constant endogenous quantities and prices.
• The steady-state eﬀective discount factor reads as 1
δ(1−β) and the steady-
state interest rate rss = 1/(β − 1).
• If the net asset positions are zero, then the net exports are zero as well.
• In the steady state, the distribution of ﬁrms are degenerate over the vintage
dimension: thus one can write Γd
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The prices pjt and the corresponding price indexes Pt, and P ∗
t are quality-
adjusted prices. Therefore, the real real exchange rate ηt is measured in the
terms of qualities. These measures correspond to real-world price indexes only
if the latter are quality-adjusted perhaps using a hedonic approach, which
is rarely the case for transition countries, see Ahnert and Kenny (2004) for
a survey of quality adjustments in prices. It is a fact that price indexes in
transition economies are not adjusted for quality changes.
Thus, in order to obtain indexes closer to real-world measures, we have to
deﬁne aggregate indexes over prices pertaining to physical quantities. Let us
denote such indexes as Pt and P∗
t . Ideally, one can compute these indexes
based on theoretical-consistent aggregation. We use a simpler approximation
instead and set
Pt = KtPt,
where Kt is the total amount of quality investment by ﬁrms selling its products

















Nevertheless, Pt might diﬀer from the CPI-based real-world indexes by one
more term. The market structure based on the CES aggregation implies the
love-for-variety eﬀect. This means that the welfare-theoretical price indexes
diﬀer from the ‘average’ price by the term n
1
θ−1, where n is the number of
available varieties and θ is the parameter of substitution in the CES function
(see Melitz, 2003 for rigorous deﬁnition and derivation of the average price).
Hence, quality-unadjusted CPI-based real exchange rate (empirical real ex-
change rate) is the correct model counterpart of the measured real exchange










The reader is referred to Br˚ uha and Podpiera (2007) for a more detailed dis-
cussion on real exchange rate measurements.
4 Calibration and projections






for production of physical quantities. This formulation implies
the Cobb-Douglas production function f(k,l) = kαl1−α for the production of
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using the common constant-relative-risk-aversion form u(C) = (1−ε)−1C1−ε,
with the parameter of intertemporal substitution ε. The distribution G is cal-
ibrated to be uniform 11 on the interval [0,1].
The model is calibrated for the Visegrad-4 countries and Slovenia. The cal-
ibration involves primarily a path of the aggregate productivity, mark-ups,
and the share of quality input in production. As can be seen from the Table
1 and Figure 2, the productivity was calibrated for three benchmark years,
i.e., 1995, 2000, and 2005. The size of mark-ups was chosen as to roughly
match the observed range of mark-ups in reality, i.e., between 5 and 30 per
cent, for the evidence on Czech export companies, see for instance Podpiera
and Rakov´ a (2006). The share of quality input in the production was allowed
to vary between zero and ﬁfty per cent and the discount factor was set be-
tween .95-.98. The probability of exit is calibrated for all countries at .5, thus
expected duration of production entity is 2 periods.
The set of costs that are considered in the model are calibrated as follows:
the cost for noneligible ﬁrms and eligibility costs distinguished by location of
the production were chosen from a range of 0-4.5, while the adjustment costs
for investments are allowed to take values from the interval 0-10. And ﬁnally,
for the iceberg transportation cost calibration, we imposed a upper limit of 10
per cent.
The resulting values of the parameters, as they appear in the Table 1, have
been estimated by a minimum distance estimator (see Wooldridge, 2001) when
the space of possible values have been somewhat restricted to a reasonable
intervals 12 . As it can be seen from the Figure 1, the most important diﬀer-
ences in the calibration of the model across the ﬁve countries are in the size
of investment into quality, mark-ups, investment costs (both eligibility and
noneligibility), and partially also in productivity development. These diﬀer-
ences are responsible for alternative development in the key modeled variables
and therefore we will discuss their meaning in more detail.
Investment into quality, export eligibility, and entry (noneligibility) costs as
well as market structure aﬀect the development in real exchange rate, however
through diﬀerent channels. The quality investment is the most direct channel
11 Microeconomists usually use other distributions than uniform for modelling the
distribution of productivities across ﬁrms. The usual choice is the Pareto distrib-
ution. However, since we aim at calibrating the long-run trajectories, the uniform
distribution is suﬃcient for that purpose.
12 The calibration procedure used is responsible for diﬀerences in deep parameters,
such as the discount factor, across countries. Note that it is possible to impose the
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is the new varieties eﬀect, facilitated by number of new entrants (dependence
on costs), and ﬁnally, market structure pays a role too: the eﬀect of varieties
is also intermediated through the size of mark-ups. The higher the mark-ups
the higher the incremental relative increase in number of ﬁrms in converging
economy. 13 At the same time, the calibration of productivity path, market
structure, and entry and export eligibility costs are also responsible for the
dynamics in output, foreign trade, and ﬁnancial ﬂows.
The model is calibrated (ﬁxed values of parameters throughout the transition
dynamics) as to match the trends in the ratio of GDP to GDP of the EU15,
real exchange rate of local currency against euro, trade balance to GDP ratio,
and the ratio of consumption to absorption. The ﬁnancial account balance is
just the inverse of the trade balance in our model. The results of calibration
are displayed in Figures 3-7. As we can see from the plots, the model succeeds
to replicate the respective historical trends quite satisfactorily well. However,
if the aim is a tighter ﬁt along the transition dynamics for some reason, the
time varying costs would need to be likely considered.
13 At the same time, it is likely that extensive (intensive) economic growth will be
correlated with lower (higher) mark-ups, since more of very similar goods (higher
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Czech R. Hungary Poland Slovakia Slovenia
φ 6.64 4.43 5.74 5.58 15.6
α 0.44 0.25 0.5 0.29 0.0
δ 0.5 0.5 0.5 0.5 0.5
β 0.95 0.98 0.95 0.98 0.95
t 0.097 0.088 0.094 0.091 0.097
ψd 0.618 0.61 0.72 0.68 0.618
ψf 9.97 10 9.99 9.99 9.97
ψB 0.02 0.02 0.02 0.02 0.02
cn 2.4 2.05 2.16 3.67 2.4
ce
f∗/cn 2.19 2.06 1.95 1.86 2.19
ce
d∗/cn 3.46 4.3 2.9 2.77 3.45
ce
d/cn 3.62 1.76 3.17 3.03 3.62
ce
f/cn 3.47 3.41 3.06 2.93 3.47
AH
2005/AF 0.87 0.72 0.76 0.75 0.76
AH
2000/AF 0.83 0.66 0.68 0.66 0.69
AH
1995/AF 0.73 0.59 0.63 0.65 0.66
AF 10 10 10 10 10
L/L∗ 1/4 1/4 1/4 1/4 1/4
Note: the parameter of the relative risk aversion ε is set to 2 for all countries.
This is a standard choice. The ratio L/L∗ might seem to be too low, but –
according to our numerical experiments – it is suﬃcient to model the notion
that the foreign country is suﬃciently large enough not to be signiﬁcantly
aﬀected by the transition process of the emerging economy. Note also that we
set diﬀerent values of export eligibility ce across location and ownership. As
we already argued, this probably models the intuitive notion that the relative
costs of export eligibility diﬀer for domestically and foreignly owned ﬁrms.
The subscript convention applied for ce is following:
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convergence), the Visegrad-4 countries, exhibit in the model real appreciation
of their currencies vis ` a vis the euro. On the other side, Slovenia appears as an
example of extensive economic growth since a model with no investment into
quality replicates well the observed historical development including stability
of real exchange rate. The extensive vs. intensive growth is also conﬁrmed
by the evidence on evolvement of the share of medium-high and high tech
products in particular country’s export; see Fabrizio et al. (2006). According
to the UN Comtrade and IMF staﬀ calculations, the share of medium-high and
high tech products in Slovenia hovers quite constantly around ﬁfty percent over
the period 1995-2004. In contrast, in all the Visegrad-4 countries they report
a signiﬁcant increase in the share of the medium-high and high tech products
over 1995-2004: the Czech Republic by 15 p.p., Hungary by 20 p.p., Poland
by 20 p.p., and Slovakia by 15 p.p.
As for the projections of the future, the structural parameters and costs re-
mained unchanged, thus assuming prevailing conditions during 1995-2005 to
continue in the future. The productivity of domestically owned ﬁrms was de-
rived by interpolation of the benchmark years, 1995, 2000, 2005, and the ter-
minal condition of reaching 100 per cent of the EU15 output between 2025-
2030, which anchored the path of productivity in the subsequent projections
until 2030. There are two reasons to assume that the productivity of the do-
mestic companies will rise. Firstly, there are improvements in productivity in
domestic ﬁrms stemming from competition exposure in an open market en-
vironment. Secondly, massive inward foreign direct investment speeds up the
learning process of domestic companies as there might be taking place various
spillovers from foreign ﬁrms know-how (the spillover eﬀect has been identiﬁed
as an important channel through which domestic ﬁrms beneﬁt from foreign
direct investment, see Fan, 2002). The calibration of the future path in pro-
ductivity growth is then meant to capture both of these eﬀects. The long run
projections of output convergence and real exchange rate development can be
seen from the Figures 8-12.
5 Policy implications
The provisions of the Treaty (establishing the European Community) and their
applications stipulate the convergence criteria for a membership in the Euro-
pean Monetary Union (EMU). There are four criteria in total, i.e., inﬂation,
exchange rate, long-term interest rate, and budget deﬁcit criterion, see for in-
stance the Convergence Report of the ECB (2006). The ﬁrst two are, however,
jointly and directly determined by the endogenous economic convergence of
the candidate countries that apply for the EMU. If a country is going through
a signiﬁcant catching-up process through the intensive economic growth, i.e.,
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rate appreciation that is facilitated either through nominal exchange rate ap-
preciation or excessive inﬂation vis ` a vis the Euro Area.
Thus, one of the two (nominal exchange rate or relative inﬂation stability)
convergence criteria is likely to be violated while a country exhibits signiﬁcant
real intensive margin convergence towards the EMU countries. In the case of
convergence through an extensive growth, the collision of the two criteria does
not appear.
While a moderate speed of convergence will be likely acceptable from the
point of view of the convergence benchmarks, an expected robust convergence
will be incompatible with an entry into a single currency area. However, the
timing of the equilibrium convergence processes as well as the terminal point
of convergence is hard to gauge and predict.
The assessment of the convergence criteria is also performed by the European
Central Bank (ECB) for the participating countries in the ERM II, which is
a pre step for adoption of the single currency in an applicant country. In this
paper, we propose to assess the potential risks for jointly not satisfactory ful-
ﬁllment of the benchmark criteria of inﬂation and nominal exchange rate in a
certain point in time. In particular, we assume a hypothetical ERM II country
that pegs its national currency to the euro at a set central rate and derive the
probability of fulﬁllment of the inﬂation criterion, based on projected trajec-
tories of the real exchange rate by the model. We use the example of the ﬁve
countries for which the model was calibrated and the long run trends of the
real exchange rate were obtained.

















t, b st = ∆lnst, and π∗
t −πt is the inﬂation diﬀerential between
the converging country and the EMU. Based on the projections of the dynamic
equilibrium path of ηe
t, on the condition of stable nominal exchange rate b st = 0,
and the price stability of the EA, π∗
t = 0.02, we evaluate the dynamic path
for inﬂation of the converging country as follows:
πt = π
∗
t − b η
e
t.
The path can be in turn compared against the benchmark inﬂation (aver-
age inﬂation in the three best performing Member states plus 1.5 percentage
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t and the sustainability can be judged based on the probability
of π∗∗
t > πt. How likely is the inﬂation criterion fulﬁlment can be derived con-
ditionally jointly on the past variability of the (detrended) national inﬂation,
variability of the criterion and their covariance. In terms of the probability
of fulﬁllment of the criterion, i.e., Pt(π∗∗
t > πt|σ, b st = 0, b ηe
t), we can test that
P(π∗∗













j∗ − 2ς, σ2
∗∗ stands for the variance of detrended histori-
cal benchmark inﬂation and similarly σ2
j∗ stands for the variance of detrended
historical inﬂation of country j, and ς is the covariance between the two vari-
ables.
The empirical evaluation of the probability of inﬂation criterion fulﬁllment is
performed for all ﬁve countries in our sample. In particular, σ2
∗∗, σ2
j∗, and ς
are evaluated using detrended (Hodrick-Prescott ﬁlter, 100) inﬂation (GDP
deﬂator) over period 1995-2005. Also, π∗∗
t = 0.025, which corresponds to the
average of the criterion in the past decade.
The Figure 13 presents the resulting probability of fulﬁlment of the inﬂation
criterion of 2.5 per cent, conditionally on the simulated real exchange rate
trajectory, constancy of the nominal exchange rate, and inﬂation and inﬂa-
tion’s criterion variabilities. It follows from the plot that countries, such as the
Visegrad-4 countries, that converge through intensive margin (improvements
in quality of products) to the EU15 are unlikely to fulﬁll jointly the inﬂa-
tion and exchange rate criterion until approximately 2025. This conclusion
is however conditional on the stability of the nominal exchange rate, which
in reality (to the extent it would not be considered in contradiction to the
exchange rate stability criterion) could facilitate a part of the real appreci-
ation pressures stemming from real convergence via intensive margin. Thus,
the apparent incompatibility of the two criteria when this type of convergence
occurs could be alleviated in practise to some extent. However, after the single
currency adoption this would lead to a persistent inﬂation diﬀerential vis-` a-
vis other EA countries, which might represent a policy challenge for the single
currency area as well as for the country in question. Another caveat relates to
the future projection of the real exchange rate path, namely, the projections
hinges on the assumption that the same type of convergence will continue in
the future. And ﬁnally, the terminal condition for convergence, year 2025-2030
might also be anchoring the stabilization of the real exchange rate and thus
also the probability of fulﬁlment of the inﬂation criterion. A slower conver-
gence, reaching EU15 beyond 2030 would likely increase the probability of the
criterion fulﬁlment at earlier horizons.
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convergence, since for Slovenia, where we observed the extensive margin con-
vergence, the probability of the inﬂation criterion fulﬁlment remains robustly
in the save region along the entire horizon considered. This could be best seen
from the probability evaluation in the past. The probability of the criterion
fulﬁlment for the Visegrad-4 countries is very low as contrary to the Slovenian
case, which stipulates the diﬀerences in the type of economic convergence. It
follows that the expectations about the type of convergence will predetermine
the smoothness of the transition of EMU candidates through ERM II into the
EA, especially in the case of the countries pursuing peg exchange rate regime.
6 Conclusion
In this paper we seek to explain the transition dynamics of the New EU
Member States in a general equilibrium framework. In particular, we design
a two-country model with heterogenous ﬁrms, explicit investment into qual-
ity, export self-selectiveness, and non-trivial cross border asset ownership. We
demonstrate on a calibration for ﬁve New EU Member States that in particular
quality investment (quality improvements) and market structure (creation of
new varieties) might be responsible for the observed signiﬁcant real exchange
rate appreciation, that often remains unexplained by prevailing models.
In the next step we simulate the convergence path for output and real ex-
change rate based on the model’s calibration. Our ﬁndings suggest that con-
vergence of countries facilitated by an extensive growth might be compatible
with stability of real exchange rate, while countries pursuing intensive growth
and convergence exhibit signiﬁcant real exchange rate appreciation. We be-
lieve our ﬁndings give to rise signiﬁcant policy implications with regard to the
monetary integration of the New EU Member States. Namely, when putting
the ﬁndings in the context of the monetary union convergence criteria, coun-
tries with projected signiﬁcant real appreciation will be in conﬂict in jointly
fulﬁlling the exchange rate and inﬂation stability criteria. Even if the nominal
exchange rate appreciation will facilitate the overall convergence in the assess-
ment period, the subsequent period after adoption of the single currency will
imply a signiﬁcant inﬂation diﬀerential vis ` a vis the rest of the EA countries,
which might be again contradictory to sustained price stability.
Even though the projected trajectories of transition dynamics pertain to the
calibrated values of parameters, and thus trajectories might be to some extent
uncertain, the main conclusion that the expected type of convergence (exten-
sive vs. intensive growth) and the pace of the real appreciation will determine
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Nevertheless, the simulation does not claim right for precise trajectory eval-A Detailed Derivation of the Model
A.1 Model Equation under Particular Functional Forms
In this part of the paper, we derive the main model equation for particu-
lar functional forms of the production function, utility function and invest-
ment cost functions. In particular, as a benchmark calibration, we use the





for production of physical
quantities. This formulation implies the Cobb-Douglas production function
f(k,l) = kαl1−α for the production of the quality-quantity bundle. The mo-
mentary utility function is parameterized using the common constant-relative-
risk-aversion form u(C) = (1−ε)−1C1−ε, with the parameter of intertemporal
substitution ε. As usually, the case of ε = 1 is interpreted as log(C). The
distribution G of idiosyncratic shocks is uniform on the interval [0,1].
The real cost function associated with the Cobb-Douglas production function
is given as follows 14 :
C(q,Wt,A
H









First, we derive the optimal investment decision, and the present value of
proﬁt ﬂows for a non-eligible ﬁrm 15 . Such a ﬁrm will supply the following
quantity-quality bundle qd


























































14 Recall that blackboard fonts, such as Wt and Pt denote real variables such as real
wage and real proﬁts. Following that convention, the blackboard C denotes real cost
function.
15 Also, in this part of the paper, we derive expression only for ﬁrms located in the
domestic country and owned by the domestic agent. The expression for other types
of ﬁrms are easily derived then.
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α(θ − 1) + 1








which is obviously positive.
Second, we derive optimal production decisions of eligible ﬁrms. The opti-



















































































observe that κjt does not depend on individual characteristics of ﬁrms: zj
and kj; it depends only on relative tightness of both markets and on the real
exchange rate corrected for transport costs t. Therefore, all eligible ﬁrms will
sell the same share of its products to the domestic resp. foreign markets. Thus
henceforth we will simply write κt for κjt. Deﬁne
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Now, we are able to derive the expected present value of proﬁt stream. We
start with an eligible ﬁrm Pde
































while the expected present value Pdn
































The value of an eligible ﬁrm located in the domestic country and owned by
the domestic household – which enjoys a productivity level zj – is determined
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V
de
τ (kj|zj) = P
de
jτ − (c










and similarly for a non-eligible ﬁrm
V
dn
τ (kj|zj) = P
dn
jτ − (c




















α(θ − 1) + 1
#α(θ−1)+1
,
and the value of an eligible ﬁrm is:
V
de



























α(θ − 1) + 1
 
α(θ − 1)
α(θ − 1) + 1
!α(θ−1)
.
Similarly, the value of a non-eligible ﬁrm is
V
dn









α(θ−1)+1 G − c
n,









α(θ − 1) + 1
#α(θ−1)+1
. (A.1)
Value functions V dn
τ (zj), V de
τ (zj) implicitly deﬁne the cut-oﬀ value z, which
is the least idiosyncratic shock, which makes the export-eligibility investment







τ (zj) ≥ V
dn
τ (zj)).
Also for the chosen parameterization of the production function, one can derive
the labor demand. The formula is complicated and is given in the next section,
since it involves integration over labor demands of ﬁrms of various vintages,
see (A.8), (A.9) and (A.10) below.
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In this part of the paper, we show how to transform the model into the re-
cursive (ﬁrst-order) form, which is suitable for numerical evaluation. We do it
for parameterization used in Section A.1. Although it is in principle possible
to apply selected (but not all) numerical techniques directly to the vintage-
formulation of the model, such a strategy would be very ineﬃcient: numerical
experiments suggest that the computation time is substantially reduced when
the numerical techniques are applied to the recursive formulation of the model.
The ﬁrst-order form consists of dynamic and static equations. These are listed
below.
A.2.1 Dynamic Equations
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Ω◦
t are given as the sum of weighted expected values from eligible and non-






t , (with xi ∈ {d,f}. Also to make
the notation as transparent as possible, henceforth the superscript dd de-
notes domestically-owned ﬁrms located in the domestic country, fd denotes
foreignly-owned ﬁrms located in the domestic country, ff denotes foreignly-
owned ﬁrms located in the foreign country, and df denotes domestically-owned
ﬁrms located in the foreign country. ) and where:
Ω
edd










































































































































































































where deﬁnitions of expectations of proﬁts Πxxx
t and cut-oﬀ values will be
given in the next subsubsection.
To get equations for actual realized proﬁts Ξ
x1x2
t , xi ∈ {d,f}, we have to split






t . The ﬁrst-order
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Ξ
edd






























































































































































































































































where the numbers of eligible and non-eligible ﬁrms distinguished by location
and ownerships (i.e. n◦
t) is given in the next subsection.












t is the export of ﬁrms located in the domestic country and owned







t ). We use the convention that exports are denominated in the currency
of the original market (thus Xdd
t , X
fd
t are in the domestic currency). Thus, it
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t = b n
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A similar recursive equation holds for non-eligible ﬁrms:
b n
nx1x2
















These recursive schemes are used in the next subsubsection too (when deriving
the labor demand).
The rest of model dynamic equations are balance-of-payment equation (17),
households’ budget constraint (8), households’ Euler equations (9), households’
equations, which determines the asset holdings: (11), (12), plus the correspond-
ing equations for the foreign household. Equation describing optimal asset
holding are not in the recursive ﬁrst-order form, but we can easily convert
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n + (1 − G(z
x1x2
t ))c


























The model has static equations too. These are mainly market clearing condi-
tions and deﬁnitions. The market clearing conditions include the clearing of
the goods markets (13), (14), international bond market clearing (16), and la-
bor market clearing conditions. We now show how the labor market conditions
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The labor demands should be equal to inelastic labor supply.











































































































































































































































This part of the appendix discusses numerical methods used to simulate
the model. Basically, we have experimented with two classes of methods: (i)
projection-based methods and (ii) domain-truncation methods.
Before discussing these methods, it is worth to realize a fact, which we use
when applying both methods: If one can guess the time proﬁle of the following
41
ECB 
Working Paper Series No 740
March 2007six variables: domestic output {Qt}
∞















and the real exchange rate {ηt}
∞
t=0, one can easily compute the time proﬁle of
all other endogenous variables (given exogenous and policy variables). Indeed,










































is possible to solve for {$◦
t}
∞
t=0, and therefore for {z◦
t}
∞
t=0; use (A.3) and
(A.11).




to compute expected investment costs {e c◦
t}
∞
t=0 and ﬁrst-order conditions
(A.6) to compute the numbers of new entrants.




t=0 and (A.8), (A.9) and (A.10) to ﬁnd labor demand in both
countries.
(5) One can use households’ Euler equations to derive the optimal bond
holding and from the international-bond market clearing condition (16)
to derive the equilibrium interest rate {rt}
∞
t=0;
Now, one guesses the time proﬁle and veriﬁes the guess. The guess should be
veriﬁed as follows:
(1) Budget constraints for both households have to be satisﬁed: (8) and sim-
ilarly for the foreign household.
(2) Labor markets in both countries have to be cleared: (15) and similarly
for the foreign country.
(3) The balance of payment condition has to be satisﬁed: (17).
(4) Goods markets have to be cleared as well: (13), (14).





























t=0, where we interpret ~t(
− →
H0) =
0 as the fulﬁlment of these conditions at time t for a guess
− →
H0. Note that the
fulﬁllment of equilibrium condition at time t, ~t = 0 does not depend on the
value of the seven variables at time t only: it depends on their entire time
proﬁles. It depends on future values because of expectations of proﬁts, e.g. to-
day’s investment decisions depend on future streams of proﬁts, cf. (11), (12),
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− →
H is an inﬁnite-dimensional object and
for practical simulations, we have to approximate it by a ﬁnite-dimensional
representation. The projection and domain-truncation methods do that in
diﬀerent ways.
The strategy of the projection method is the following: approximate the time
proﬁles using an object parameterized by a low number of parameters (such
as polynomials, splines, neutral networks, or wavelets). Thus approximate
− →
H ≈ f H(f),
where f is a ﬁnite vector of parameters. Then the problem is to ﬁnd such a
vector of parameters
− →
f, such that the equilibrium conditions ~t(f H(
− →
f)) = 0
nearly holds for all t. Judd (2002) discusses applications of the projection
methods in the context of perfect foresight discrete-time models.
Another approach (called domain truncation approach) to reduce dimension-
ality of
− →
H is to set {Qt}
∞
t=0 ≈ b Q = {Q1,...,QN,Q+,Q+,...,Q+}, where Q+ is




b Q, c W, b C, c Q∗, d W∗, c C∗, b η
o
,
and solve the system
~1(c H) = 0 (A.12)
~2(c H) = 0
. . .
~M(c H) = 0
for M > N. This is a system of 7M unknowns. Lafargue (1990) proposed
this approach, and Boucekkine (1995) and Juillard et al. (1998) exploited the
sparseness of the system to apply an eﬃcient algorithm. Hence, the approach
uses to be called as L-B-J approach. The stacked system (A.12) is usually
solved using Newton-based iterations. When applied to the model presented
in this paper, we cannot use eﬃcient algorithms for sparse systems unless
δ = 1. The case of δ = 1 is the only case, when the Jacobian of (A.12) is
sparse.
We experimented with both approaches: as projections we chose splines and
RBF neural networks. To solve the system (A.12), we apply the quasi-Newton
iteration, with the Hessian update via the BFGS formula suggested by Broy-
den (1970), Fletcher (1970), Goldfarb (1970), and Shanno (1970) implemented
in the MATLAB function fminunc. The L-B-J approach seems to perform bet-
ter than the projection methods and therefore simulation results reported in
this paper are based on it.
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